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Abstract-The finite integral transform technique is further developed and adopted to obtain an exact solution 
for transient heat diffusion in an arbitrary finite region having a surface film of finite heat capacity. A splitting- 
up procedure that accelerates the convergence of the series solutions developed here is described. Solutions for 
a vast number of specific situations ofpractical interest can readily be obtained as special cases from the general 

results presented in this work. 

INTRODUCTION 

THE INTEGRAL transform technique provides a 
systematic and powerful approach for solving partial 
differential equations encountered in heat and mass 
diffusion. In arecent monograph [l], this technique has 
been extensively used to develop general solutions for 
seven different classes of heat and mass diffusion 
problems. The CLASS I problem is related to unsteady 
heat or mass diffusion in a finite region of arbitrary 
geometry subjected to generalized boundary and initial 
conditions. As a further generalization of this class of 

problem, we consider here a finite region of arbitrary 
geometry surrounded by a thin layer of high 
conductivity material which is subjected to convection 
with an external ambient. In such situations this outer 
layer can be lumped in the direction normal to the 
surface of the inner region. It is assumed that the lateral 
conduction is negligible in the lumped layer. Then the 
heat conduction equation for the outer layer becomes a 
more general boundary condition for the inner region 
and includes a time derivative term resulting from the 
lumping. 

Carslaw and Jaeger [2], Crank [3] and Mikhailov 
[4] discuss some practical applications of this type of 
boundary conditions. In a recent work Beck [S] used 
Green’s function approach to analyze heat diffusion 
problems of this type. 

In this work we consider a su~ciently general heat 
diffusion problem which includes as special cases all the 
problems belonging to this class that are studied in the 
literature. 

STATEMENT OF THE PROBLEM 

Consider the following boundary value problem of a 
finite region 

am t) 
w(x) - 

at 
+ LT(x,t) = P(x,t), XE V (la) 

* Permanent address: Applied Mathematics Center, P-0. 
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subject to the boundary condition 

a T(x, t) 
r(x) ~ at + BT(z,t) = #@,t), XES (lb) 

and the initial conditions 

7-(X, t) = f(z), X f v (lc) 

%, t) = f,(z), E ES (ld) 

where the linear operators L and B are defined as 

L 3 - v * [k(x)V] + d(z) (24 

B = N(x)+P(x)k(b)-;. (2b) 

The first term in the boundary condition (lb) 
includes the possibility of a high conductivity surface 
film, but heat flow parallel to the surface inside the film 
is neglected. The problem (1) for y(x) = 0 becomes the 
CLASS I problem of ref. [l]. 

The appropriate eigenvalue problem for the solution 
of the system (1) is taken as 

Iu2W(Y)$(2c) = W(X), .XE v (3a) 

/W$+W = B&Q), x E 3 (3b) 

where the linear operators L and B are defined by 
equations (2). 

THE INTEGRAL TRANSFORM PAIR 

The problem (3) does not belong to the conventional 
Sturm-Liouville system. Therefore, the first step in the 
analysis is to establish the orthogonality condition 
appropriate to the system (3) as now described. Let $&} 
and Gj(x) be two different eigenfun~tions correspond- 
ing to two different eigenvalues pi and pj. Equation (3af 
is written for tii(x) and t+bj(x) and multiplied respectivel! 
by Iclj(zc) and $&). Then the results are subtracted and 
integrated over the volume. Equation (3b) is written for 
ti/i(~) and I@~($ and multiplied respectively by 
~j(~)/~(~~ and ~i(~)/~(~). Both sides of the results 
obtained above are added to obtain the following 
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NOMENCLATURE 

I3 boundary condition operator T,,(r) average temperature defined 
defined by equation (2b) by equations (11) and (20e) for 

&A d(x) prescribed functions the multi- and one-dimensional 

dP d+ prescribed coefficients regions, respectively 

a 
z integral transform of 

a_n 
derivative in the direction of temperature defined by 
outward drawn normal to the equation (7a) 
surface S T,(X), T,(Z), temperature functions defined 

f(x)Xf&) initial temperature distribution Tj(Z). T(Y, t) by equations (14), (15), (16) and 
in V and S, respectively (17), respectively 

f iwi one-dimensional initial T,(x)* Tp(x), temperature functions defined 
temperature distribution in Tj(x), 73x9 r) by equations (24), (23, (26) and 
x,, < x < x1 and at x = (27), respectively 
xk (k = 0, l), respectively V arbitrary finite region 

A integral transform of the initial W(X)> w(x) prescribed functions 
condition defined by equation X,x space coordinate in multi- and 

(9) one-dimension, respectively. 

@At) the function defined by 
equation (8b) Greek letters 

I+, I,, Ij3 if constants defined by equations CC(X), P(X), y(z) boundary condition 
(14c), (15c), (16d) and (17d) coefficients introduced in 

k(x), k(x) prescribed functions equations (2b) and (lb) 
L linear operator defined by % &t Yk boundary coefficients 

equation (2a) introduced in equations (19b, c) 

Ni normalization integral defined 6ij Kronecker delta 
by equation (5) eigenvalue 

P(x, t), P(x, t) prescribed volumetric source ?(& tb 4ktt) source function on the 
functions boundary surface S and at 

PJZ), Pj (Z) functions introduced in x = xk (k = 0, l), respectively 
equation (12a) $e(X), 4j (3) functions introduced in 

p&xX Pj(x) functions introduced in equation (12b) 
equation (22a) 4=(x,), (bj(xk) functions introduced in 

S boundary surface of V equations (22b, c) 

T(Z, tb 7Xx, t) temperatures tlti(Y), +Ax) eigenfunctions. 

orthogonality condition Bothsidesofequation(6)aremultiplied by~(x)l//~(X) 

I V 
w(~~~j(~)~j(~) dr + s p(X) 

s 
* ~.(~)~j(~) ds = cTiij N, 

and integrated over the volume; both sides of equation 

z (6) are multiplied by ~j(~)~(~)/~(~) and integrated over 

(4) 
the surface S, and the results are added. In view of the 
orthogonality relation (4), the summation on the RHS 

where the normalization integral is given by of equation (6) vanishes and Ai is determined. We 

Ni = 
s 

introduce the expression thus obtained for Ai into 

Y 
w(rr)$&) dr + s p(Z1 

i 
?!? r@(x) dx. i (5) 

equation (6) and the resulting expansion for T(x, t) is 
split up into two parts to define the integral transform 

We note that, for y(x) = 0, the second term of the 
pair as : 

LHS of equation (4) vanishes and the new 
Integral transform 

orthogonality condition presented here coincides with 
the well known Sturm-Liouville orthogonality 

T(t) = 
s 

w(X)$i(X) T(x;, t) du 
” 

condition. 
We now consider the representation of the functions 

?“(x, t) in the forms 

T(x, t) = i Ai(t)$i(X), x E V or XE S. (6) 
i= 1 

+ s $:I $r(X)T(Xz t) ds; (74 
s 

Inversion formula 

T&r) = 5 !!.!!?!I T(t) (7b1 jZl Ni ’ . 
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METHOD OF SOLUTION 

The integral transform pair defined by equations (7) 
is now applied to solve the general problem (1). Both 

sides of equations (la) and (3a) are multiplied, 
respectively, by $&) and 7(x, t), and integrated over 
the volume; then both sides of equations (lb) and (3b) 
are multiplied, respectively, by i/k&)/&) and 
7(x, t)/fi(x) and integrated over the surface S; and all of 
these four results are added. Finally we obtain the 
following ordinary differential equation for the 
transform of the temperature T(t) 

dT(t) 
~ + it I = gi(f) 

where 

gi(t) = $i(X)f’(X> t) dv + s s 
tit(x) $$ ds. (8b) 

The initial condition for this equation is determined 
by constructing the transform of the initial conditions 
(lc) and (Id) according to the transform (7a). We find 

T(O) = 3 = s w(~)$i(~c)f(~) du 
” 

+ rM s s B(X) tii(x)f,(x) du. (9) 

Equation (8) is solved subject to the initial condition 
(9) and the result is introduced into the inversion 
formula (7b). Then the solution of the problem (1) 
becomes 

where the normalization integral Ni, the function gi(t) 
and the transform of the initial conditionx are defined, 
respectively, by equations (5), (8b) and (9). The +Jx) and 
pi are the eigenfunction and eigenvalues of the 
eigenvalue problem (3). 

If d(z) = 0 and a(~) = 0, then p. = 0 is also an 
eigenvalue with the corresponding eigenfunction r,ko 
= constant. For this special case, the solution (10) 
includes an additional term corresponding to p. = 0 
and $. = constant, namely 

T,,(t) = {S w(x)f(x) dv + 
” 

(114 

This result for T,,(t), valid only for the case 
d(x) = a(g) = 0, coincides with the mean potential 

defined in general as 

w(x) T(x, 4 du + !kf! T(x, t) ds 

T,,(t) = s ” s s B(zr) 

j”w($dv+ jsEdx (‘lb) 

SPLITTING UP THE GENERAL PROBLEM 

Although the general solution given above is exact, it 
is desirable, for computational purposes, to devise a 
scheme that permits the splitting up of the above 
problem into simpler ones, in order to replace the 
slowly convergent part of the solution with closed 
form expressions. A convenient scheme is to assume 
that the energy generation term P(x, t) and the non- 

homogeneous part of the boundary conditions 
$(~,t) are represented by exponentials and q-order 
polynomials of time as given by 

P(X, t) = P,(X) e-dpr+ i pj(X)tj, XE I/ (12a) 
j=O 

4 

+(S t, = 4,(x) emdd + C $j(x)tj, x E s Wb) 
j=O 

where d, and d, are constants. Then the solution T(y, t) 
of the general problem (1) can be split up into the 
solution of simpler problem as 

T(z, t) = T@(y) e-d@r + T,(z) emdpt 

+ i Tj(x)tj+7;(x,t), XEV. (13) 
j=O 

If d(x) = a(x) = 0 then in the RHS of equation (13) 
appears the additional term defined by equation (1 la). 

The function Z&y) is the solution of the following 
steady-state problem 

w(~)l,+ LT,(x) = d,w(x)T,(x), x E V (14a) 

Y(Y)& + BT&x) = 4&V&4 + d,(x)> x ES (143 

In general I, = 0, except for the case d(x) = a(x) = 0 

when it is given by 

I, = (14c) 

and the following additional condition appears 

s wW’&) do + s B(x) 4 s y(a) T(X) dx = 0. (14d) 
Y 

The function T,(x) is the solution of the following 
steady-state problem 

w(xV,+ LT&) = dpw(G&) + P,(X), x E V (1% 

Ye, + BTp(x) = d,?(x) T&)r x E S. (W 

In general I, = 0, except for the case d(x) = a(x) = 0 

“MT 28:5-J 
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when obtained from the general solution (10) as 

(15c) 

and the following additional condition appears 

s 
w(~)Tp(z) do + s B(X) Q 

i 
@! T(s)ds = 0. (15d) 

Y 

The functions T(X) are the solutions of the following 
steady-state system 

W(X)lj+LTj(~)+(j+l)W(X)Tj+*(~)= pj(X), Xgv 

(164 

Y(X)lj+BTj(X)+(j+l)Y(X)Tj+,(X) = bj(Z), YES 

Note that this solution is valid for all cases including 

(16b) 

d(y) = r(z) = 0, because for this particular case, when 
taking the integral transform of equation (17c), the 

forj=q,q-l,..., 1,Owith 
contribution of the additional term I, vanishes. 

The advantage of the splitting-up procedure as 

T,+ 1(X) = 0. (16~) defined by equation (13) lies in the fact that, the 

In general lj = 0, except for the case d(x) = CC(X) = 0 
equations defining the functions T,(X), T,(x) and T,(x) 

when 
can be solved by a suitable method such as direct 
integration, other than the integral transform 

technique, that provides a rapidly convergent explicit 
solution for these functions. In addition, the solution 
(18) converges fast because T(x, t) is the solution of the 
homogeneous problem (17). 

and the following additional condition appears 

s 
W(X) Tj (x) do + ?@ 7-@) ds = 0. (16e) 

ONE-DIMENSIONAL CASE 

Y s s B(X) The one-dimensional problems have numerous 
The transient function ‘I&, t) is the solution of the important application in practice. As an illustration of 

following problem the application of the general three-dimensional formal 

G(z, t) 
solutions developed above, we now present the one- 

w(x) ~ at 
+Llqx,t)=O, XEV (174 dimensional problem applicable in the rectangular, 

cylindrical and spherical coordinates, and the 

a 7;(x, t) 
Y(X) ~ 

corresponding solutions. 

Ft 
+ B7;(& t) = 0, XES (17b) The one-dimensional form of the problem (1) 

becomes 
IT;(~,O)=f(x)-I,-T,(a)--T,(x)--T,(x), XEV. 

(17c) w(x) 
C?T(x, t) ,-=&(k(x)y} 

In general I, = 0, except for the case d(x) = x(x) = 0 in 
when 

-d(x)T(x, t)+P(x, t), x0 < x < x,, t > 0 

(194 

s w(x)f(x) dr + 
s 

s g f,(x) ds 
subject to the boundary conditions 

‘J-= ” [Vw(r)do+jsgds . (17d) 

fJT(xk, t) 
ak T(xk, t) - ( - l)kBk4xk) ~ 

dT(x,, t) 
8X + Yk- at 

= 4k(t), at x = xk, k = 0, 1, t > 0 (19b,c) 

The validity ofthe foregoing splitting-up process can 
be readily verified by substituting equation (13) into the 

and the initial conditions 

problem (1). The additional conditions (14d), (15d) and T(x, 0) = f(x) in x0 < x < xi, t = 0 (19d) 
(16e) result when equation (13) taking into account the 
additional term defined by equation (1 la) is introduced 

T(x,,O)=f, at x=xk, t=O. (194 

into definition (11 b) and the T,, term cancelled out. Clearly, by appropriate selection of the functional form 
The solution of the homogeneous problem (17) is ofthe coefficients w(x) and k(x), equation (19a) becomes 
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applicable for the rectangular, cylindrical and spherical the solution of simpler problems as given by equation 
coordinates. (13) in the form 

The solution of problem (19) is immediately 
obtainable from the general solution (10) by restricting T(x, t) = T,(x) eCdb’+ T,(x) eed++ 5 q(x)tj 
it to the one-dimensional case. We find j=O 

T(x,t) = ~~~e-r:r{~+S’er:r*S,(t*)dt*} 
+ IT;(x,t), in x0 < x < x1. (23) 

I 0 If d(x) = go = cur = 0 then in the RHS of equation 
(20a) (23) appears the additional term defined by equation 

where Ni, 3 and gi(t) are determined from equations 
(20e). 

(5), (9) and (8b), respectively as 
The function T,(x) satisfies the one-dimensional 

form of the problem (14) given as 

Ni = 
s 

I1 
X0 

w(x)+;(x) dx + ; $z(xo) + F $:(x1) 
0 1 

(20b) ~[k(x)~]+Cd,w(x)-d(n)lTl(x) 

s X’ w(x)$i(x)f(x) dx + F tii(xo)fo + F tii(xr)fi 
= ww,, in x0 < x < x1 (24a) 

A= 
X0 0 1 

(20c) Cat-d4yJ7&4-(- lYB,kCxd~ 

gi(t) = +i(X)P(Xt t) dx + F $i(xo) 
= Mx,J-Y&+, k = 0,l (24b) 

0 

+ 41(t) 

where I, = 0 except for the case d(x) = a0 = a1 = 0 

7 $i(xl). (2Od) when equation (14~) becomes 
1 

If d(x) = a0 = ctl = 0 the solution (20a) includes an $e(xo) + 4e(x1) - - 
additional term corresponding to p. = 0, obtained Bo B1 
from equation (1 la) as 1, = 

s 

X, (24~) 
w(x)dx+;+k 

T,“(t) = 
X0 

and the additional condition (14d) takes the form 

w(x)T+(x) dx + ?Z T,(x,) + C T,(x,) = 0 B B 
0 1 

(244 

The eigenfunctions tii(x) and eigenvalues pi are 
The function T,(x) satisfies the one-dimensional 

determined by the one-dimensional form of the 
version of the problem (15) given as 

eigenvalue problem (3) 

&[k(x)!!] + C&W - d(x)1 $(p, 4 = 0, 

in x0 < x < x1 

[c(~-&J&~(x~)-(- l)k/3kk(xk)d$$ = 0, 

k = 1,2. W-4 

(214 

+ Cd,w(x) -441 W) 

+P,(x) = w(x)l,, in x0 < x < x1 

[~k-dpykl~p(xk)-(- l)kpkk(Xk) y 

= - ykl,, k = 0,l 

When the nonhomogeneous terms of the problem where I, = 0 except for the case d(x) = a0 = a1 = 0 

(19) are exponentials and q-order polynomials of time when equation (15~) becomes 

in the form given by equation (12), i.e. X1 

P(x, t) = P,(x) emdp’+ t Pj(x)d, 
P,(x) dx 

in xo<x<xl 
j=O 

I, = i X0 

s 

x, (25~) 

(224 
x0 

w(x)dx+;+z 

@k(r) = +e(xk) cd,‘+ f $j(xk)tj> k = 0,l and the additional condition (15d) takes the form 
i=o 

(22b) XI 

s 
w(x)T,(x) dx + s T,(x,) + 2 TJx,) = 0. (25d) 

then the solution of the problem (19) can be split up into x0 BO I% 



1044 M. D. M~KHAILOV and M. N. ~ZISIK 

The functions q(x) satisfy the one-dimemsional 
form of equations (16) given as 

g [k(x)y] -d(X)?;(X) + pj(x) 

= (j+ l)w(x)ll;+t(x)+w(x)lj, in xO<x<x, 

(26a) 

= 4j(XA-YkClj+(j+ l)Tj+I(Xk)I, k = O,l (26b) 

forj=q,q-l,..., 1,Owith 

T,+ 1(x) = 0 (26~) 

where Ij = 0 except for the case d(x) = cl0 = rl = 0 
when equation (16d) becomes 

s x1 
p,(x) dx + 4j(xO) + bj(xt) ~ - 

J 

lj = xo PO Bt 

s x, (264 

x0 

w(x)dx+;+z 

and the additional condition (16a) takes the form 

s Xl 

w(x)q(x) dx + F 7;(x,) + c Tj(x,) = 0. 
PI 

(26e) 
X0 0 

Finally, the one-dimensional form of the transient 
solution (18) becomes 

7;(x, t) = jt y em@ { jxl w(x)t,bi(x)f(x) dx 
X0 

+k$o i $i(xk)fk - & i !f!&?d $i(xk) 

pi -dg5 k=O Bk 

1 

s 

x1 

&-d, xg 
i,bi(x)P,(x) dx- i o’j! 

j=. JJu+l) 

X ,io y cI/i(xk) f s” Il/i(x)Pj(x) dx]}. 

x0 

(27) 

CONCLUDING REMARKS 

The general results presented above for the solution 
of heat conduction problems involving time derivative 
in the boundary conditions contain as special cases all 
the problems belonging to this class that are reported in 
the literature. For example the problems in chap. 4 of 
ref. [4] and the solutions developed in the ref. [S] are 
merely the special cases. To develop analytic solutions 
to a one-dimensional problem, the correspondence 
between the general one-dimensional problem (19) and 
-the specific problem is established by comparing the 
differential equation, the boundary and initial 
conditions. By utilizing the results of this correspon- 
dence regarding the values of various coefficients, the 
solution to the specific problem is obtained by 
appropriate simplification of the general solution (20) 
or its split up from (23). The corresponding eigenvalue 

problem is obtained by the proper simplification of the 
eigenvalue problem (21). Practical aspects of such 
applications are discussed in detail in ref. [l], where 
only the case y(x) = 0 is considered. 
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SOLUTIONS UNIFIEES DE LA DIFFUSION THERMIQUE DANS UNE REGION FINIE 
COMPRENANT UN FILM DE CAPACITE THERMIQUE FINIE 

R&m-La technique de transform&e inttgrale finie est dtveloppde et utilisee pour obtenir une solution 
exacte de la diffusion thermique variable dans une r&on finie arbitraire ayant un film en surface de capacite 
thermique finie. On dbcrit une proctdure de skparation qui accbltre la convergence des solutions en strie 
utilistes ici. Les solutions d’un grand nombrede situations sp&cifiques, interessantesen pratique sont obtenues 

comme des cas sp&iaux des rtsultats generaux prksent6s dans ce texte. 

VERALLGEMEINERTE LOSUNGEN DER WbiRMEDIFFUSION IN EINEM BEGRENZTEN 
GEBIET MIT EINEM OBERFLACHENFILM VON ENDLICHER W;IRMEKAPAZITWT 

Zusammenfassung-Die Transformationstechnik der endlichen Integrale wurde weiterentwickelt und 
angewandt,umeine exakte Lasungfiirdieinstationlre WLnnediffusion in einem beliebigen begrenzten Gebiet 
mit einem Oberfliichenfilm von endlicher WLrmekapazitlt zu erhalten. Ein Abspaltungsverfahren, welches 
die Konvergenzder Lijsungen der hier entwickelten Reihen beschleunigt, wird beschrieben. Liisungen fiir eine 
riesige Anzahl von speziellen Situationen des praktischen Interesses kiinnen leicht als Spezialfille aus den 

allgemeinen Liisungen, die in dieser Arbeit vorgestellt werden, ermittelt werden. 
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YHkWM~MPOBAHHblE PElIlEHMIl AJIR flWD’DY3MM TELLJIA B Ol-PAHMqEHHOti 
OWACTM, BKJIKNAIOJlJEti nOBEPXHOCTHYH3 fUlEHKY KOHEqHOti 

TELUIOEMKOCTM 

AHHoTauw-PasesTan B pa6oTe MeTOmKa KoHeqHb1X MHTerpanbHbrX npeO6pa30BaHd npMMemeTcn 
i,JIR ~OJly’,CHln~ TO’IHOrO pe”JCHMX HeCTaWOHapHOti TepMOJW~~Y3AU B npOk,3BOnbHOi? !$WHUTHOfi 

o6nacm C nOBepXHOCTHOii IIJleHKOii KOHWHOfi TCnJlOeMKOCTA. OtIHCbIBaelCR pa3pa60TaHHaa MeTomKa, 

yCKOpSlKWa5l CXOiWMOCTb pWlHbIX peUIeHki8. Ana 6onbu1oro 'INCna TMIIRSHblX CMTYWMi?, MMelOtUHX 

npatmwecmti mTepec, pemxm M0ry~ 6blTb nerK0 nonyqeHb* KaK 9acmble cnyras 06qsx pesynb-ra- 
~~~,npe~CTa~neHHblx B pa6oTe. 
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